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$|L$ ( $1/2+it,\chi$j)| $|L(1/2+it,\chi k)|$ $1^{\mathrm{a}}$
$|L$ ( $1/2+it,\chi$j)| $|L$ ( $1/2+it,$ $\chi$k)|
:
$\Lambda(T,\chi_{\mathrm{j}},\chi_{k})=\int_{0}^{T}|$L(1/2 $+i$t, $\chi j$ ) $|^{2}-|L(1/2+it, \chi_{k})|^{2}dt$
( $\Lambda(T)$ ) $\text{ }Tarrow\infty$
? $\Lambda(T)$
:
Theorem 1 Assume that $\chi j$ and $\chi k$ are primitive chamcters modulo $q$ and $\chi j\neq\chi k$ . Then
there excist &(q), $c_{1}(q),$ $c_{2}(q)$ such $that_{f}$ for each $T>T0$ theoe exist $t_{1},$ $t_{2}\in[T, T+c_{2}\sqrt{T}]$
satisfying $\Lambda(t1)>c_{1}t_{1}^{1/4}$ and $\Lambda(t_{2})<-$ c1t21/4.
Remark 1 Unfortunately we can not make explicit the dependency of To, $c_{1}$ and $c_{2}$ with
respect to $q$ .
Cororally 1 Let $\chi j$ and $\chi_{k}$ be as in Theorern 1. Then we have
$\mathrm{A}(T)=\Omega\pm(T^{1/4})$ .
In particular






$I(T, \chi):=\int_{0}^{T}|$L $(1/2+it, \chi)|^{2}$dt.
:
$I(T,\chi)\sim M(T,q)$ $Tarrow\infty$ (1)
$M$ (T, $q$) $= \frac{\phi(q)}{q}\{$T $\log T+T(\log\frac{q}{2\pi}+2\gamma-1+2\sum_{\mathrm{p}1q}\frac{1\mathrm{o}\mathrm{g}p}{p-1})\}$
$\phi(q)$ Euler $\gamma$ Euler $p$ $q$
$I$ (T, $\chi$) $-M$(T, $q$) $E$(T, $\chi$) $E$ (T, $\chi$)
(1) $\mathrm{m}\mathrm{o}\mathrm{d} q$ $\chi j\text{ }\chi$k $I(T, \chi j)_{\text{ }}I$ (T, $\chi k$ )
$\Lambda(T)$ $E$ (.T, $\chi j$ ) $-E$(T, $\chi_{k}$ ) $\Lambda(T)$
( $(s)$ $E$ (T) [2], [8],
[4] $E$ (T, $\chi$) T\rightarrow
$E$ (T) $E$ (T, $\chi j$ ) $-E$(T, $\chi k$ )
$?E(T, \chi j)$ $E$ (T, $\chi_{k}$ )
?
( ) $E(T,\chi)$ $E(T)$






$e(T, u)$ $=$ $(1+ \frac{\pi u}{2T})^{-1/}4$ $($5ar $\mathrm{s}$in$\mathrm{h}\sqrt{\frac{\pi u}{2T}})-1$ ,
$f(T, u)$ $=$ $2T\mathrm{a}\mathrm{r}\sinh\sqrt{\frac{\pi u}{2T}}+\sqrt{2\pi uT+\pi^{2}u^{2}}-\pi/4,$
$g(T, u)$ $=$ $T \log\frac{T}{2\pi u}-T+2\pi u+\frac{7\Gamma}{4}$ ,
$l(T,u)$ $=$ $\frac{T}{2\pi}+\mathit{2}$ $-\sqrt{\frac{u^{2}}{4}+\frac{uT}{2\pi}}$ ,
$a(n,\chi)$ $=$ $\frac{1}{q}\sum_{k|n}\sum_{a=1}^{q}\chi$ (a)$\overline{\chi}(a+k)$ $\exp(2\pi i\frac{a}{q}\frac{n}{k})$ ,




Proposition 1 Suppose that $T\geq 10$ and that $X$ satisfies $AqT<X<A’qT$ for any fixed
$0<A<A’$ If $\chi$ is a primitive character of modulus $q$ , then we have
$E(T, \chi)=\Sigma_{1}$ ,$\chi(T, X)+\Sigma_{2,\chi}(T, l(T, X/q))+R(T,\chi)$ ,
where
$\Sigma_{1,\chi}(T, y)$ $=$ $q^{3/4}( \frac{2T}{\pi})^{1/4}\sum_{n\leq y}\frac{|\overline{a(n,\overline{\chi})}|}{n^{3/4}}$
$\mathrm{x}e(T, n/q)\cos(f(T,n/q)-\pi n/q+\arg\overline{a(n,\overline{\chi}})$),
$\Sigma$2,$\chi(T, y)$ $=$ -2q1/2 $\sum_{n\leq qy}\frac{|\overline{b(n,\overline{\chi})}|}{n^{1/2}}(1$og $\frac{Tq}{2\pi n})^{-1}\mathrm{c}\mathrm{s}(g(T,n/q)+$ arg $\overline{b(n,\overline{\chi})}$)
and $R(T,\chi)$ is $a$ oertain quantity which satisfies
$R(T \chi|)\ll q(\log T)(\log qT)+\frac{q^{3/2+\epsilon}}{\log T}$ .
$E$ (T) $E(T,\chi)$
Theorem 1
$f$ (t) $t$ $|f(t)|\leq c_{1}t^{1/4}$
$\Lambda^{*}(t):=\frac{1}{\sqrt{2qt}}(\Lambda(2\pi t^{2}/q)+f(2\pi t^{2}/q))$
$R_{\tau\mu}’(|u):=(1-|u|)(1+ \tau\sin(4\pi\theta\frac{\sqrt{\mu}}{q}u))$
for $|u|\leq 1$ $\tau=1$ -1 $\theta>1$
$\mu\in \mathrm{N}$
Lemma 1 Let $\alpha(n)=a(n,\overline{\chi j})-a(n,\overline{\chi k})$ and no be $a$ minimum of numkrs $n$ such that
$\alpha(n)\neq 0$ for fixed the pa$ir$ of characters. Suppose that $no<t^{3/2}$ . For every larye $t$ , we
have
$\int_{-1}^{1}\Lambda^{*}(t+\theta u)K_{\tau,n_{0}}(u)du=$
$\frac{|\overline{\alpha(n_{0})}|}{n_{0}^{3/4}}\{-\frac{\tau}{2}\sin(\frac{4\pi n_{0}^{1/2}}{q}t-\frac{\pi}{4}-\frac{\pi n_{\mathrm{O}}}{q}-\arg\alpha(n_{0}))+E\}$ (2)





$+ \frac{q^{2}}{\theta^{2}}\sum_{nn\leq t^{3/2},\neq n_{0}}\frac{|\alpha(n)|}{n^{7/4}}\{1+(|1-\sqrt{\frac{n_{0}}{n}}|+O(\frac{n}{t^{2}}))^{-2}\}+\frac{c_{1}}{q^{3/4}}\}$ .
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Remark 2 In [5] we proved that the number no exists for any fixed primitive characters
with $\chi j\neq\chi$k. However we do not know the upper bound of $n_{0}$ and a lower bound of
$|\alpha(n_{\mathrm{O}})|$ with respect to $q$ . Thus we could not clarify the dependency of three number $T_{\mathit{0}\}}$
$c_{1}$ and $c_{2}$ .
Lemma 1 Theorem 1
$q$ $n_{0}$ $c_{1}$









$(\mathrm{i}\mathrm{i})(\mathrm{i}\mathrm{i}\mathrm{i})$ D.R.Heath-Brown and K.Tsang [4]
$E$(T)
$E$(T)
( $q=1$ $I\mathrm{f}_{\tau,1}$ (u)
) $E$ (T) $|_{1}$
(ii)
$K_{\tau,\mu}(u)$
Riemann zeta function and sums of Dirichlet $L$ functions
$\zeta(s)$ $0<\Re s<1$
4 Review of Atkinson’ $\mathrm{s}$ formula for the mean square of the
$|^{1}$
$I_{\sigma}(T)= \int_{0}^{T}|\zeta(\dot{\sigma}+ti)|^{2}d$t
$I_{1/2}$ (T) $I$ (T) $E(T)=$
$I(T)-T\log T-T(2\gamma-1-\log 2\pi)$ $E$(T)
$E$(T) $\zeta(1/2+it)$





1949 F.V.Atkinson [1] $E$ (T) (
):
$E(T)$ $=$ $( \frac{2T}{\pi}$) $1/4 \sum_{n\leq X}(-1)^{n}\frac{d(n)}{n^{3/4}}e$(T, $n$) $\cos(f(T, n))$
-2 $\sum$ $\frac{d(n)}{n^{1/2}}(\log\frac{T}{2\pi n})^{-1}\cos(g(T, n))+O(\log T)$, (3)
$n\leq l(T,X)$
$T\ll X\ll T$
30 1978 Heath-Brown [3]
:
$\int_{2}^{T}E(t)^{2}dt=\frac{2}{3}\frac{1}{\sqrt{2\pi}}\sum_{n=1}^{\infty}\frac{d(n)^{2}}{n^{3/2}}T3/2+$F(T)(4)







A.Ivic’ $E(T)\ll T^{3\mathrm{S}/108+}$ ‘ [7]
Section 15.5 1989 J.LHafner and A.Ivic’[2]
:
$\int_{2}^{T}E(t)dt$ $=$ $\pi T+\frac{1}{2}(\frac{2T}{\pi})^{3/4}\sum_{n=1}^{\infty}(-1)^{n}\frac{d(n)}{n^{5/4}}\sin(2\sqrt{2\pi nT}-\frac{\pi}{4})$
$+O(T^{2/3}\log T)$ , (5)
$E(T)=\Omega_{+}((T\log T)^{1/4}(\log\log T)^{(3+1\text{ }\mathrm{g}4)/4}\exp(-c\sqrt{\log\log 1o\mathrm{g}T}))$,
$E(T)= \Omega_{-}(T^{1/4}\exp(c\frac{(1\mathrm{o}\mathrm{g}1\mathrm{o}\mathrm{g}T)^{1/4}}{(1\mathrm{o}\mathrm{g}1\mathrm{o}\mathrm{g}1\mathrm{o}\mathrm{g}T)^{3/4}}))$ ,
$E(T)\ll T^{139/429}($log $T)^{1467/429}$ , $c$ (3) (
)
(3) $E$(T)
$\overline{E}_{\sigma}(T)$ $-I_{\sigma}(T)$ 1990 K.Matsumoto [13]
$E_{\sigma}(T)$ $1/2<\sigma<3/4$ $E_{\sigma}(T)$
(4) $\sigma=3/4$ $E_{\sigma}(T)$
$\text{ }$ K.Matsumoto and T.Meurman [15] [16] $3/4\leq\sigma<1$
Remark 34 [$lf$ Y.Motohas
$fB\mathit{0}$]
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$L$ (s, $\chi$) $\sum_{\chi}$ $\mathrm{m}\mathrm{o}\mathrm{d} q$
$I_{\sigma}(T, q)= \int_{0}^{T}\sum_{\chi}|$L $(\sigma+it, \chi)$ $|^{2}$dt.
$L$ (s, $\chi$) 1986 T. Meurman [17] $I_{1/2}$ (T, $q$ ) ( $I$ (T, $q$) )
1993 A. $\mathrm{L}\mathrm{a}\mathrm{u}\mathrm{r}\mathrm{i}\mathrm{n}\check{\mathrm{c}}\mathrm{i}\mathrm{k}\mathrm{a}\mathrm{s}$ [12] Meurman
H. Nakaya[21][22] $1/2<\sigma<1$ ,
[13], [15], [16]




$I$ (T, $q$) $\sum_{\chi}$
$I$ (T)
$L$ $L$





$L$ (u, $\chi$) $L(v, \overline{\chi})$ $\Re u>1$ and $\Re v>1$
:











$varrow 1-u$ :(Motohashi’sLe$mma$ 1of $f\mathit{1}\mathit{9}i$) If $0<\Re u<1$ , then
$L(u,\chi)$L(1-u, $\overline{\chi}$) $=$
$\frac{\phi(q)}{q}\{\frac{1}{2}(\frac{\Gamma’(1-u)}{\Gamma(1-u)}+\frac{\Gamma^{l}(u)}{\Gamma(u)})+(2\gamma-\log\frac{2\pi}{q}+2\sum_{p1q}\frac{1\mathrm{o}\mathrm{g}p}{p-1})$}
$+g(u, \chi)+$ g(1-u, $\overline{\chi}$), $(7)$
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where $g(u, \chi)$ is the analytic continuation of
$g(u, \chi)=\sum_{n=1}^{\infty}a(n, \chi)$h $(u, n)+ \sum_{n=1}^{\infty}\overline{a(n,\overline{\chi}})h$( $u,$ -n), (8)
and where
$h(u, x)= \int_{0}^{\infty}\frac{e^{-2\pi ixy/q}}{y^{u}(1+y)^{1-u}}dy$.
The series (8) is convergent when $Reu<0$ .













$\sum_{\chi}L$ (s, $\chi$ ) $t=0$
$I$ (T) $I$ (T, $q$)
$I$ (T) 2 $\int_{0}^{T}|\zeta(\ldots)|^{2}dt=\int_{-T}^{T}|\zeta(\ldots)|^{2}d$ t
(





$1+ \int_{0}$Tl2’) $|$L$(1/2 +it, \chi)|^{2}$dt, (10)
with $L=$ [($\log T$ -log log $T)/\log 2$]
$L(1/2+it, \chi)\ll(qt)^{1/4+\epsilon}$ ,
lemma
Hafner and $\mathrm{I}\mathrm{v}\mathrm{i}\acute{\mathrm{c}}$ [2]











$K$ (t, $n$) $\tilde{K}$ (t, $n$)
:






$K$ (2T, $n$ )
$( \frac{t}{2\pi n/q}+\frac{1}{4})^{1/4}\mathrm{a}\mathrm{r}\sinh\sqrt{\frac{\pi n}{2tq}}\}^{-1}$
:
$\tilde{K}(2T, n)\sim-\sum_{X<n\leq 2X}K(2T, n)$
$(T\prec\infty)$ , (11)
$/2_{\frac{|\overline{b(n,\overline{\chi})}|}{n^{1/2}}}( \log\frac{tq}{2\pi n})^{-1}\cos(g(t, n/q)+\arg\overline{b(n,\overline{\chi})})$ .
$|^{1}$
$)$ $\eta_{1}=ql$ (2T, $q^{-1}X$) Hiner and $\mathrm{I}\mathrm{v}\mathrm{i}\acute{\mathrm{c}}$
$\tilde{K}$ (2L\rightarrow
$\sum_{n<\pi}\overline{b(n,\overline{\chi})}$ Voronoi
Voronoi $a$ (n, $\chi$)
$b$ (n, $\chi$) $\sum_{n<x}a$ (n, $\chi$) Voronoi
$b$(n, $\chi$ ) $b$ (n, $\chi$) Voronoi
$a$ (n, $\chi$) ?





$\ulcorner K$ (2T, $n$) $\tilde{K}$ (2T, $n$) $K$ (2T, $n$ ) $\tilde{K}$ (2T, $n$) 1
$T$




$P$ (T) Jutla [10]
( $b$(n, $\chi$) Voronoi )
T.




Remark 4 f-TT|L(l/2+i \chi )|2d







\Lambda (T)=Oq(Tl/3+e)( $\epsilon$ )
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